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1 Algorithm Details
In this section, we will provide the details of each upstating step of the algorithm.

1.1 Update of β

β(k+1) = argmin
β

L
(
β,µ(k), z(k), s(k),w(k), q

(k)
1 , q

(k)
2 , q

(k)
3

)

= argmin
β





r1
2

∥∥y − µ(k) −Xβ − z(k)
∥∥2
2
+
r3
2

∥∥β −w(k)
∥∥2
2

+
〈
y − µ(k) −Xβ − z(k), q(k)1

〉
+
〈
β −w(k), q

(k)
3

〉





This is quadratic in β and we can take the first derivative and set it to 0.

0p =
∂

∂β

(r1
2

∥∥y − u(k) −Xβ − z(k)
∥∥+ r3

2

∥∥β −w(k)
∥∥2
2
− βTXTq

(k)
1 + βTq

(k)
3

)

=
∂

∂β

(
βT
(r1
2
XTX +

r3
2
Ip

)
β + βT

(
−r1XT (y − µ− z)− r3w −XTq1 + q3

))

=
(
r1X

TX + r3Ip
)
β +

(
−r1XT (y − µ− z)− r3w −XTq1 + q3

)

Then the solution is

β(k+1) =
(
r1X

TX + r3Ip
)−1 (

r1X
T (y − µ− z) + r3w +XTq1 − q3

)

In this solution we have to solve the inverse of a p×p matrix. But if p > n or even p >> n,
this would require a lot of compuational resources. Nevertheless, if we left multiply X on
both side of the first derivative equation, then by some algebra we can show that

β(k+1) =
1

r3

[
Ip − r1XT

(
r1XX

T + r3In
)−1

X
] (
r1X

T (y − µ− z) + r3w +XTq1 − q3
)

which only requres to solve the inverse of a n× n matrix.

1.2 Update of µ

Like in 1.1, we can write

µ(k+1) = argmin
µ

L (β,µ, z, s,w, q1, q2, q3)

= argmin
µ





r1
2
‖y − µ−Xβ − z‖22 +

r2
2
‖Dµ− s‖22

+ 〈y − µ−Xβ − z, q1〉+ 〈Dµ− s, q2〉





and take the first derivative then set it to 0

0 =
∂

∂µ

(r1
2
‖y − µ−Xβ − z‖22 +

r2
2
‖Dµ− s‖22 − µTq1 + µTDTq2

)

=
∂

∂µ

(
µT
(r1
2
In +

r2
2
DTD

)
µ+ µT

(
−r1 (y −Xβ − z)− r2DTs− q1 +DTq2

))

=
(
r1In + r2D

TD
)
µ+

(
−r1 (y −Xβ − z)− r2DTs− q1 +DTq2

)

So the solution is

µ =
(
r1In + r2D

TD
)−1 (

r1 (y −Xβ − z) + r2D
Ts+ q1 −DTq2

)
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1.3 Update of z

Here, we use L-1 loss as an example.

z(k+1) = argmin
z

L (β,µ, z, s,w, q1, q2, q3)

= argmin
z

{
1

n

n∑

i=1

|zi|+
r1
2
‖y − µ−Xβ − z‖22 + 〈y − µ−Xβ − z, q1〉

}

= argmin
z

{
1

n

n∑

i=1

|zi|+
r1
2

(
zTz − 2zT

(
y − µ−XTβ

))
− zTq1

}

Note that this problem can be solved coordinate-wisely by

z
(k+1)
i = argmin

zi

1

n
|zi|+

r1
2

(
z2i − 2zi

(
yi − µi − xTi β

))
− ziq1,i

By the subgradient method, we have

0 ∈ ∂
(
1

n
|zi|+

r1
2

(
z2i − 2zi

(
yi − µi − xTi β

))
− ziq1,i

)∣∣∣∣
zi=z

(k+1)
i

=⇒ 0 ∈
∂ (|zi|)|zi=z(k+1)

i

n
+ r1

(
z
(k+1)
i − yi + µi + x

T
i β −

q1,i
r1

)

where

∂ (|zi|)|zi=z(k+1)
i

=





1 z
(k+1)
i > 0

− 1 z
(k+1)
i < 0

[−1, 1] z
(k+1)
i = 0

Therefore




0 =
1

n
+ r1

(
z
(k+1)
i − yi + µi + x

T
i β −

q1,i
r1

)
z
(k+1)
i > 0

0 = − 1

n
+ r1

(
z
(k+1)
i − yi + µi + x

T
i β −

q1,i
r1

)
z
(k+1)
i < 0

0 ∈
[
− 1

n
,
1

n

]
+ r1

(
z
(k+1)
i − yi + µi + x

T
i β −

q1,i
r1

)
z
(k+1)
i = 0

Hence

z
(k+1)
i =





yi − µi − xTi β +
q1,i
r1
− 1

nr1

1

nr1
< yi − µi − xTi β +

q1,i
r1

0 − 1

nr1
≤ yi − µi − xTi β +

q1,i
r1
≤ 1

nr1

yi − µi − xTi β +
q1,i
r1

+
1

nr1
yi − µi − xTi β +

q1,i
r1

< − 1

nr1

Here we introduce the soft-thresholding function S (x, λ) for x ∈ R and λ > 0:

S (x, λ) =





x− λ λ < x

0 |x| ≤ λ

x+ λ x < −λ

3



Then we can summary the update of z(k+1)
i by

z
(k+1)
i = S

(
yi − µi − xTi β +

q1,i
r1
,

1

nr1

)

Note: If we use the Huber loss with parameter c instead of the absolute value loss,
then similarly the update of z(k+1)

i would be

z
(k+1)
i =





yi − µi − xTi β +
q1,i
r1
− c

nr1

c

nr1
+ c < yi − µi − xTi β +

q1,i
r1

yi − µi − xTi β +
q1,i
r1

1 + 1
nr1

− c

nr1
− c ≤ yi − µi − xTi β +

q1,i
r1
≤ c

nr1
+ c

yi − µi − xTi β +
q1,i
r1

+
c

nr1
yi − µi − xTi β +

q1,i
r1

< − c

nr1
− c

FYI: The huber loss with parameter c is defined as

ρ (x; c) =





1

2
x2 |x| ≤ c

c |x| − 1

2
c2 |x| > c

1.4 Update of s

Here we only consider the SCAD penalty case, which means Pλ1 (x) = Pλ1,γ1 (x) where γ1
is a SCAD parameter.

s(k+1) = argmin
s

L (β,µ, z, s,w, q1, q2, q3)

= argmin
s

{ ∑

1≤i<j≤n
Pλ1,γ1 (sij) +

r2
2
‖Dµ− s‖22 + 〈Dµ− s〉

}

= argmin
s

{ ∑

1≤i<j≤n
Pλ1,γ1 (sij) +

r2
2

(
sTs− 2sTDµ

)
− sTq2

}

Note that {sij} are actually mutually independent in this optimization problem. So like
in 1.3, this can also be solved coordinate-wisely. And we try to solve

s
(k+1)
ij = argmin

sij

{
Pλ1,γ1 (sij) +

r2
2

(
s2ij − 2sij (µi − µj)

)
− q2,ijsij

}

and likewise

0 ∈ ∂
(
Pλ1,γ1 (sij) +

r2
2

(
s2ij − 2sij (µi − µj)

)
− q2,ijsij

)∣∣∣
sij=s

(k+1)
ij

=⇒ 0 ∈ ∂Pλ1,γ1 (sij)|sij=s(k+1)
ij

+ r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)

For the SCAD penalty, we have

P ′λ1,γ1 (sij) = λ1

{
I (sij ≤ λ1) +

(γ1λ1 − sij)+
(γ1 − 1)λ1

I (sij > λ1)

}
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for some γ1 > 2 and sij > 0. And P ′λ1,γ1 (sij) = −P ′λ1,γ1 (−sij) when sij < 0. Therefore




0 = 0 + r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
γ1λ1 < sij

0 =
γ1λ1 − sij
γ1 − 1

+ r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
λ1 < sij ≤ γ1λ1

0 = λ1 + r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
0 < sij ≤ λ1

0 ∈ [−λ1, λ1] + r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
sij = 0

0 = −λ1 + r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
− λ1 ≤ sij < 0

0 = −γ1λ1 + sij
γ1 − 1

+ r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
− γ1λ1 ≤ sij < −λ1

0 = 0 + r2

(
s
(k+1)
ij − (µi − µj)−

q2,ij
r2

)
sij ≤ −γ1λ1

Hence we have

s
(k+1)
ij =





µi − µj +
q2,ij
r2

γ1λ1 < µi − µj +
q2,ij
r2

r2 (γ1 − 1)
(
µi − µj + q2,ij

r2

)
− γ1λ1

r2 (γ1 − 1)− 1

(
1 +

1

r2

)
λ1 < µi − µj +

q2,ij
r2
≤ γ1λ1

µi − µj +
q2,ij
r2
− λ1
r2

λ1
r2

< µi − µj +
q2,ij
r2
≤
(
1 +

1

r2

)
λ1

0 − λ1
r2
≤ µi − µj +

q2,ij
r2
≤ λ1
r2

µi − µj +
q2,ij
r2

+
λ1
r2

−
(
1 +

1

r2

)
λ1 ≤ µi − µj +

q2,ij
r2

< −λ1
r2

r2 (γ1 − 1)
(
µi − µj + q2,ij

r2

)
+ γ1λ1

r2 (γ1 − 1)− 1
− γ1λ1 ≤ µi − µj +

q2,ij
r2

< −
(
1 +

1

r2

)
λ1

µi − µj +
q2,ij
r2

µi − µj +
q2,ij
r2
≤ −γ1λ1

Note: During the deduction, condition r2 (γ1 − 1) > 1( i.e. r2 >
1

γ1−1) is needed to
guarantee the result. Also with this condition, the objective function is convex in sij.

This update can be summaried with the help of the soft-thresholding function

s
(k+1)
ij =





S

(
µi − µj +

q2,ij
r2

,
λ1
r2

) ∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤
(
1 +

1

r2

)
λ1

S
(
µi − µj + q2,ij

r2
, γ1λ1
r2(γ1−1)

)

1− 1
r2(γ1−1)

(
1 +

1

r2

)
λ1 <

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤ γ1λ1

µi − µj +
q2,ij
r2

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ > γ1λ1
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For MCP or LASSO, the technique are quite similar. (And the result would be shown
below:) If the penalty is Lasso with parameter λ1 then

s
(k+1)
ij = S

(
µi − µj +

q2,ij
r2

,
λ1
r2

)

If the penalty is MCP with parameter λ1 and γ1, then the panalty takes the form

Pλ1,γ1 (sij) = λ1

∫ sij

0

(
1− x

λ1γ1

)

+

dx

for some γ1 > 1 and sij ≥ 0. And P ′λ1,γ1 (sij) = −P ′λ1,γ1 (−sij) when sij < 0. Therefore
the solution is

s
(k+1)
ij =





S
(
µi − µj + q2,ij

r2
, λ1
r2

)

1− 1
r2γ1

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤ γ1λ1

µi − µj +
q2,ij
r2

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ > γ1λ1

Note: Here the condition r2γ1 > 1( i.e. r2 > 1
γ1
) is needed, and the objective function is

convex in sij.

1.5 Update of w

Like in 1.4, here we consider SCAD penalty as an example. Therefore Pλ2 (x) = Pλ2,γ2 (x)
where γ2 is a SCAD parameter.

w(k+1) = argmin
w

L (β,µ, z, s,w, q1, q2, q3)

= argmin
w

{
p∑

j=1

Pλ2,γ2 (wj) +
r3
2
‖β −w‖22 + 〈β −w, q3〉

}

= argmin
w

{
p∑

j=1

Pλ2,γ2 (wj) +
r3
2

(
wTw − 2wTβ

)
−wTq3

}

Again, this can be solved elementwisely by

w
(k+1)
j = argmin

wj

{
Pλ2,γ2 (wj) +

r3
2

(
w2
j − 2wjβj

)
− wjq3,j

}

Like before, subgradient method provides us

0 ∈ ∂
(
Pλ2,γ2 (wj) +

r3
2

(
w2
j − 2wjβj

)
− wjq3,j

)∣∣∣
wj=w

(k+1)
j

=⇒ 0 ∈ ∂Pλ2,γ2 (wj)|wj=w
(k+1)
j

+ r3

(
wj − βj −

q3,j
r3

)
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which means




0 = 0 + r3

(
wj − βj −

q3,j
r3

)
γ2λ2 < wj

0 =
γ2λ2 − wj
γ2 − 1

+ r3

(
wj − βj −

q3,j
r3

)
λ2 < wj ≤ γ2λ2

0 = λ2 + r3

(
wj − βj −

q3,j
r3

)
0 < wj ≤ λ2

0 ∈ [−λ2, λ2] + r3

(
wj − βj −

q3,j
r3

)
wj = 0

0 = −λ2 + r3

(
wj − βj −

q3,j
r3

)
− λ2 ≤ wj < 0

0 = −λ2γ2 + wj
γ2 − 1

+ r3

(
wj − βj −

q3,j
r3

)
− γ2λ2 ≤ wj < −λ2

0 = 0 + r3

(
wj − βj −

q3,j
r3

)
wj ≤ −γ2λ2

Therefore

w
(k+1)
j =





βj +
q3,j
r3

γ2λ2 < βj +
q3,j
r3

r3 (γ2 − 1)
(
βj +

q3,j
r3

)
− γ2λ2

r3 (γ2 − 1)− 1

(
1 +

1

r3

)
λ2 < βj +

q3,j
r3
≤ γ2λ2

βj +
q3,j
r3
− λ2
r3

λ2
r3

< βj +
q3,j
r3
≤
(
1 +

1

r3

)
λ2

0 − λ2
r3
≤ βj +

q3,j
r3
≤ λ2
r3

βj +
q3,j
r3

+
λ2
r3

−
(
1 +

1

r3

)
λ2 ≤ βj +

q3,j
r3

< −λ2
r3

r3 (γ2 − 1)
(
βj +

q3,j
r3

)
+ λ2γ2

r3 (γ2 − 1)− 1
− γ2λ2 ≤ βj +

q3,j
r3

< −
(
1 +

1

r3

)
λ2

βj +
q3,j
r3

βj +
q3,j
r3

< −γ2λ2

Note: Here we need r3 (γ2 − 1) > 1(i.e. r3 > 1
γ2−1) to guarantee the resutl.

We can summary the result of w(k+1)
j as

w
(k+1)
j =





S

(
βj +

q3,j
r3
,
λ2
r3

) ∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤
(
1 +

1

r3

)
λ2

S
(
βj +

q3,j
r3
, γ2λ2
r3(γ2−1)

)

1− 1
r3(γ2−1)

(
1 +

1

r3

)
λ2 <

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤ γ2λ2

βj +
q3,j
r3

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ > γ2λ2
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Results for MCP and Lasso are presented as following. If the penalty is Lasso with
parameter λ2 then

w
(k+1)
j = S

(
βj +

q3,j
r3
,
λ2
r3

)

If the penalty is MCP with parameter λ2 and γ2, then

w
(k+1)
j =





S
(
βj +

q3,j
r3
, λ2
r3

)

1− 1
r3γ2

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤ γ2λ2

βj +
q3,j
r3

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ > γ2λ2

1.6 Choice of λ(0)1 and λ
(0)
2

Need to be double checked.
Apparently for some large enough λ(0)1 and λ(0)2 , β and µ have to be shrinked to 0p and

cn respectively, where 0p is a length-p zero vector and cn is a length-n constant vector.
Actually, it’s clear that all elements of cn have to be the medium of {yi, i = 1, 2, · · · , n}.
Therefore we can write

(
cn
0p

)
∈ argmin

µ,β

1

n

n∑

i=1

∣∣yi − µi − xTi β
∣∣+
∑

i<j

Pλ1 (µi − µj) +
p∑

j=1

Pλ2 (βj)

which means
(
0n
0p

)
∈ ∂

{
1

n

n∑

i=1

∣∣yi − µi − xTi β
∣∣+
∑

i<j

Pλ1 (µi − µj) +
p∑

j=1

Pλ2 (βj)

}∣∣∣∣∣
µ
β


=


cn
0p




That is to say (
0n
0p

)
=

(
d1,n

d1,p

)
+

(
d2,n

0p

)
+

(
0n
d3,p

)

where

(
d1,n

d1,p

)
∈ ∂

{
1

n

n∑

i=1

∣∣yit − µi − x>itβ
∣∣
}∣∣∣∣∣µ

β


=


cn
0p



=

1

n




∂ |y1 − c|
...

∂ |yn − c|
n∑
i=1

(∂ |yi − c|)xi




d2,n ∈ ∂
∑

i<j

Pλ1 (µi − µj)
∣∣∣∣∣
µ=cn

and

d3,p ∈ ∂
p∑

j=1

Pλ2 (βj)

∣∣∣∣∣
β=0p

8



Note that

0p ∈ −d3,p + ∂

p∑

j=1

Pλ2

(
β̂j

)
(where β̂ = 0p)

=⇒ 0p ∈ β̂ −
(
β̂ + d3,p

)
+ ∂

p∑

j=1

Pλ2

(
β̂j

)

=⇒ 0p ∈ ∂
{
1

2

∥∥∥β −
(
β̂ + d3,p

)∥∥∥
2

2
+

p∑

j=1

Pλ2 (βj)

}∣∣∣∣∣
β=β̂

=⇒ β̂ ∈ argmin
β

1

2

∥∥∥β −
(
β̂ + d3,p

)∥∥∥
2

2
+

p∑

j=1

Pλ2 (βj)

Again, we use SCAD penalty with parameter γ2 as an example here, and we can solve
this penalized OLS by

0p = β̂ = T SCADλ2,γ2

(
β̂ + d3,p

)
= T SCADλ2,γ2

(d3,p)

and by property of the SCAD thresholding function T SCADλ2,γ2
, we have

‖d3,p‖∞ ≤ λ2

=⇒ ‖d1,p‖∞ ≤ λ2 (since 0p = d1,p + d3,p)

Note that

d1,p =
1

n

n∑

i=1

(∂ |yi − c|)xit

Therefore

λ
(0)
2 ≥

‖d1,p‖∞
n

=
1

n

∥∥∥∥∥
n∑

i=1

(∂ |yi − c|)xi
∥∥∥∥∥
∞

Choose of λ(0)1 :

d1,n ∈
1

n




∂ |y1 − c|
∂ |y2 − c|

...
∂ |yn − c|




d2,n ∈ ∂
∑

i<j

Pλ1 (µi − µj)
∣∣∣∣∣
µ=cn

and
d1,n + d2,n = 0n

9



By the chain rule we have

∂
∑

i<j

Pλ1 (µi − µj)
∣∣∣∣∣
µ=cn

=DT∂
∑

1≤i<j≤n
Pλ1 (sij)

∣∣∣∣∣
s=0

∈DT




[−λ1, λ1]
[−λ1, λ1]

...
[−λ1, λ1]




n(n−1)
2
×1

Therefore we can deduce

‖d2,n‖∞ ∈

∥∥∥∥∥∥∥∥∥
D>




[−λ1, λ1]
[−λ1, λ1]

...
[−λ1, λ1]




∥∥∥∥∥∥∥∥∥
∞

≤ (n− 1)λ1

=⇒ ‖d1,n‖∞ ≤ (n− 1)λ1 (since 0n = d1,n + d2,n)

Note that

d1,n ∈
1

n




∂ |y1 − c|
∂ |y2 − c|

...
∂ |yn − c|




Therefore

λ
(0)
1 ≥

‖d1,n‖∞
n (n− 1)

=
1

n (n− 1)

∥∥∥∥∥∥∥∥∥




∂ |y1 − c|
∂ |y2 − c|

...
∂ |yn − c|




∥∥∥∥∥∥∥∥∥
∞

and a sufficient choice would be

λ
(0)
1 =

1

n (n− 1)

Another way to look at λ(0)1 :
Note that

d1,n + d2,n = 0n,

d2,n ∈DT




[−λ1, λ1]
[−λ1, λ1]

...
[−λ1, λ1]




n(n−1)
2
×1

and d1,n ∈
−1
n




∂ |y1 − c|
∂ |y2 − c|

...
∂ |yn − c|


 .

Also by convex optimization theory, we have 1Td1,n = 0. Therefore there exists a n-
dinmensional vector θ such that

(
DTD

)
θ = −d1,n,
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since rank
(
DTD

)
= n− 1. Hence one possible solution of d2,n is

d2,n = −DTD
(
DTD

)−1
d1,n,

as long as ∥∥∥D
(
DTD

)−1
d1,n

∥∥∥
∞
≤ λ1,

where
(
DTD

)−1 is the Moore-Penrose generalized inverse of DTD. And the choice of
λ
(0)
1 is

λ
(0)
1 =

∥∥∥D
(
DTD

)−1
d1,n

∥∥∥
∞

Note that it’s easy to verity

(
DTD

)−1
=




n−1
n2

−1
n2 · · · −1

n2

−1
n2

n−1
n2 · · · −1

n2

...
... . . . ...

−1
n2 · · · −1

n2
n−1
n2


 ,

and there are two and only two entries in each row ofD
(
DTD

)−1 with their values being
1
n
and −1

n
. Hence we know that

∥∥∥D
(
DTD

)−1
d1,n

∥∥∥
∞
≤ 2

n
‖d1,n‖∞ =

2

n2

∥∥∥∥∥∥∥∥∥




∂ |y1 − c|
∂ |y2 − c|

...
∂ |yn − c|




∥∥∥∥∥∥∥∥∥
∞

,

which is a less compuation intensive bound for λ(0)1 .

1.7 Algorithm with L2 Loss

If we use L2 loss, then there is no need for the z part in the algorithm and the augmented
lagrangian form would be

L (β,µ, s,w, q2, q3)

=
1

n

n∑

i=1

(
yi − µi − xTi β

)2
+

∑

1≤i<j≤n
Pλ1 (sij) +

p∑

j=1

Pλ2 (wj)

+
r2
2
‖Dµ− s‖22 +

r3
2
‖β −w‖22 + 〈Dµ− s, q2〉+ 〈β −w, q3〉

The update of s and w is just the same as before. And the update of β and µ is just to
find the minimum of

βT
(
1

n
XTX +

r3
2
Ip

)
β + µT

(
1

n
In +

r2
2
DTD

)
µ+ 2βTXTµ

−2Y TXβ − r3wTβ + qT3 β − 2Y Tµ− r2sTDµ+ qT2D
Tµ

Taking subgradient and set it to 0 we can find the linear system is
(

1
n
In +

r2
2
DTD 1

n
X

1
n
XT 1

n
XTX + r3

2
Ip

)(
µ
β

)
=

(
1
n
Y + r2

2
DTs− 1

2
DTq2

1
n
XTY + r3

2
w − 1

2
q3

)

11



If the dimension is not large, we can directly find the update by
(
µ(k+1)

β(k+1)

)
=

(
1
n
In +

r2
2
DTD 1

n
X

1
n
XT 1

n
XTX + r3

2
Ip

)−1( 1
n
Y + r2

2
DTs− 1

2
DTq2

1
n
XTY + r3

2
w − 1

2
q3

)

If the dimension is large, we can use a coordinate descent strategy like before.

β(k+1) =

(
1

n
XTX +

r3
2
Ip

)−1(
1

n
XTY − 1

n
XTµ+

r3
2
w − 1

2
q3

)

and

µ(k+1) =

(
1

n
In +

r2
2
DTD

)−1(
1

n
Y − 1

n
Xβ +

r2
2
DTs− 1

2
DTq2

)

A more accurate solution, which is essentially equal to solve the whole linear system would
beto be add.
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A Re-deduction of the Algorithm with More Parame-
ters

In this section, we again give the details of the algorithm, but with more flexibility in the
loss function. We consider the loss function

L (µ,β) =
1

a

n∑

i=1

ρ
(
yi − µi − xTi β

)
+ b
∑

i<j

Pλ1 (µi − µj) + c

p∑

j=1

Pλ2 (βj)

where a, b and c are constants. The augmented lagrangian format is

L (µ,β, z, s,w)

=
1

a

n∑

i=1

ρ (zi) + b
∑

i<j

Pλ1 (sij) + c

p∑

j=1

Pλ2 (wj)

+
r1
2
‖y − µ−Xβ − z‖22 +

r2
2
‖Dµ− s‖22 +

r3
2
‖β −w‖22

+ 〈y − µ−Xβ − z, q1〉+ 〈Dµ− s, q2〉+ 〈β −w, q3〉

The update of β and µ is unchanged as before. But the update of z, s and w will be
affected by the choice of a, b and c.

A.1 Update steps for β and µ

We can update β and µ in a coordinate descent fashion. NOTE: the previous updating
steps of β and µ is a special case of coordinate-descent algorithm, with max number of
iteration set fixed to 1.

A.1.1 Update β, Coordinate Descent

If p ≤ n, then

β(k+1) =
(
r1X

TX + r3Ip
)−1 (

r1X
T (y − µ− z) + r3w +XTq1 − q3

)
.

If p > n, then

β(k+1) =
1

r3

[
Ip − r1XT

(
r1XX

T + r3In
)−1

X
] (
r1X

T (y − µ− z) + r3w +XTq1 − q3
)
.

A.1.2 Update µ, Coordinate Descent

The update of µ is simply

µ =
(
r1In + r2D

TD
)−1 (

r1 (y −Xβ − z) + r2D
Ts+ q1 −DTq2

)
.
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A.1.3 Update β and µ simultaneously

It means to minimize the following equation with respect to β and µ:

r1
2
(y − µ−Xβ)T (y − µ−Xβ) + r2

2
(Dµ− s)T (Dµ− s) + r3

2
(β −w)T (β −w)

+ (y − µ−Xβ)T q1 + (Dµ− s)T q2 + (β −w)T q3

∝r1
2

(
µTµ+ βTXTXβ − 2µTy − 2βTXTy + 2βTXTµ+ 2µTz + 2βTXTz

)

+
r2
2

(
µTDTDµ− 2µTDTs

)
+
r3
2

(
βTβ − 2βTw

)
− µTq1 − βTXTq1 + µ

TDTq2 + β
Tq3

=
(
µT βT

)( r1
2
In

r1
2
X

r1
2
XT r1

2
XTX

)(
µ
β

)
− r1 (y − z)T

(
In X

)(µ
β

)

+
(
µT βT

)( r2
2
DTD 0
0 r3

2
Ip

)(
µ
β

)
−
(
r2s

TD + qT1 − qT2D r3w
T + qT1X − qT3

)(µ
β

)

=
(
µT βT

)( r1
2
In +

r2
2
DTD r1

2
X

r1
2
XT r1

2
XTX + r3

2
Ip

)(
µ
β

)

−
(
r1 (y − z)T + r2s

TD + qT1 − qT2D, r1 (y − z)T X + r3w
T + qT1X − qT3

)(µ
β

)

And the update is
(
µ
β

)
=

(
r1In + r2D

TD r1X
r1X

T r1X
TX + r3Ip

)−1(
r1 (y − z) + r2D

Ts+ q1 −DTq2
r1X

T (y − z) + r3w +XTq1 − q3

)

A.2 Update of z

The update of z takes the same form as before, except for replacing n with a. Hence for
L1 loss, it’s

z
(k+1)
i = S

(
yi − µi − xTi β +

q1,i
r1
,
1

ar1

)

For Huber loss with parameter ch, the update is

z
(k+1)
i =





yi − µi − xTi β +
q1,i
r1
− ch
ar1

ch
ar1

+ ch < yi − µi − xTi β +
q1,i
r1

yi − µi − xTi β +
q1,i
r1

1 + 1
ar1

− ch
ar1
− ch ≤ yi − µi − xTi β +

q1,i
r1
≤ ch
ar1

+ ch

yi − µi − xTi β +
q1,i
r1

+
ch
ar1

yi − µi − xTi β +
q1,i
r1

< − ch
ar1
− ch

A.3 Update of s

For Lasso penalty with parameter λ1, the update is given by

s
(k+1)
ij = S

(
µi − µj +

q2,ij
r2

,
bλ1
r2

)
.
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For SCAD penalty with paramters λ1 and γ1, the update is given by

s
(k+1)
ij =





S

(
µi − µj +

q2,ij
r2

,
bλ1
r2

) ∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤
(
1 +

b

r2

)
λ1

S
(
µi − µj + q2,ij

r2
, bγ1λ1
r2(γ1−1)

)

1− b
r2(γ1−1)

(
1 +

b

r2

)
λ1 <

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤ γ1λ1

µi − µj +
q2,ij
r2

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ > γ1λ1

,

and the additional condition to guarantee the convergence during the algorithm is r2 >
b

γ1−1 .
For MCP penalty with parameters λ1 and γ1, the update is

s
(k+1)
ij =





S
(
µi − µj + q2,ij

r2
, bλ1
r2

)

1− b
r2γ1

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ ≤ γ1λ1

µi − µj +
q2,ij
r2

∣∣∣∣µi − µj +
q2,ij
r2

∣∣∣∣ > γ1λ1

,

and the additional condition is r2 > b
γ1
.

A.4 Update of w

For Lasso penalty with paramter λ2, the update is giiven by

w
(k+1)
j = S

(
βj +

q3,j
r3
,
λ2
r3

)
.

For SCAD penalty with parameters λ2 and γ2, the update is given by

w
(k+1)
j =





S

(
βj +

q3,j
r3
,
cλ2
r3

) ∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤
(
1 +

c

r3

)
λ2

S
(
βj +

q3,j
r3
, cγ2λ2
r3(γ2−1)

)

1− c
r3(γ2−1)

(
1 +

c

r3

)
λ2 <

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤ γ2λ2

βj +
q3,j
r3

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ > γ2λ2

,

and the additional condition is r2 > c
γ2−1 .

For MCP penalty with parameters λ2 and γ2, the update is given by

w
(k+1)
j =





S
(
βj +

q3,j
r3
, cλ2
r3

)

1− c
r3γ2

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ ≤ γ2λ2

βj +
q3,j
r3

∣∣∣∣βj +
q3,j
r3

∣∣∣∣ > γ2λ2

,

and the additional condition is r3 > c
γ2
.
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A.5 Choice of λ(0)1 and λ
(0)
2

The initial values of λ(0)1 and λ(0)2 which shrinks all penalty values to 0 is also affected by
the choice of a, b and c, but the deduction is quite similar to before. In summary

λ
(0)
2 ≥

1

ac

∥∥∥∥∥
n∑

i=1

ψ (yi −m)xi

∥∥∥∥∥
∞

,

and

λ
(0)
1 ≥

1

ab

∥∥∥∥∥∥∥
D
(
DTD

)−1


ψ (y1 −m)

...
ψ (yn −m)




∥∥∥∥∥∥∥
∞

,

where
(
DTD

)−1 is the generalized inverse, ψ = ∂ρ and m is the estimating value of µ
when all penalties are pushed to 0, i.e.

m = argmin
µ

n∑

i=1

ρ (yi − µ) .

To simplify the computation, we can choose

λ
(0)
1 ≥

2

abn

∥∥∥∥∥∥∥



ψ (y1 −m)

...
ψ (yn −m)




∥∥∥∥∥∥∥
∞
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