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1 Algorithm Details

In this section, we will provide the details of each upstating step of the algorithm.

1.1 Update of 3

/B(kJrl) = arg min L (/87 I'l’(k)a z(k)a S(k) k )7 qgk)7 qé )7 qék))
B

2
. 2||y p® - X8 — 2|+ Hﬁ—w(k)ﬂz
= arg min
G +<y p® — X8 — 2 ,q1> <ﬂ w! ,qé’“)>

This is quadratic in 8 and we can take the first derivative and set it to 0.

0
0, =35 (5 v —u® = X8 20|+ T |8 —w|; - 57X "q" + 574"

=%(B (BX7X +28,) B+ 8" (~r X" (y— p—2) —rw — X', +q5))

= (rlXTX + T’3Ip) B+ (—rlXT (y—p—2z)—rsw— XTq + qg)
Then the solution is
B+ — (mX"X + rg,Ip)_l (MX"(y—p—2)+nrw+X"q — qs)

In this solution we have to solve the inverse of a p X p matrix. But if p > n or even p >> n,
this would require a lot of compuational resources. Nevertheless, if we left multiply X on
both side of the first derivative equation, then by some algebra we can show that

1 —
B = - [I — X" (mXXT 41, IX] (X" (y—p—2z)+rw+ X" q — gs)
3

which only requres to solve the inverse of a n X n matrix.

1.2 Update of u

Like in 1.1, we can write

ll’(k+1) - argmin L (ﬁ)p’?zu S, w,q1,q2, (I3)
"
™ T2
"y - XB 2+ 2 D sl
= arg min
m +{y—p—XB—-zq)+ (Dp—s,q)
and take the first derivative then set it to 0
0 (m 2 T2 2

= 5 (5 Iy —p=XB =23+ 1D — sl ~ plar + 4" D)
_ d T ("1 T2 1 T T T
= o 7 EIn—i—ED D)p+p" (-r(y—XB—2)—rD"s—q + D"gq)

= (rlIn + TQDTD) un+ (—7'1 (y—XB—2)—ryD's —q, + DTqQ)
So the solution is

p= (ri, +72D"D) " (r(y — XB — 2) + 2D"s + g — D" o)
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1.3 Update of z

Here, we use L-1 loss as an example.

2D = arg min L(B,p, 2z 8 w,q1,q,qs3)
z
' 1< 1 2
:argzmln {ﬁ;‘zﬂ+§||y—H—X:8_z”2+<y_“_XB_Z7q1>}

RS
:argzmln {Eizl\zi|+r—21(sz—2zT (y—p—X"B)) —ZTCh}

Note that this problem can be solved coordinate-wisely by

2D = argmin 1 |21] + 5 (z — 22 (yi — s — ] B)) — ziqu

2

By the subgradient method, we have

0ed < |2i] +2 (Z =2z (yi — i — ! B)) — Zin,i)

ZZ':ZZUC-'—I)

2

9 (|zil)l,, _ o0
- Hl((kﬂ)—ywuﬁw% r)
1

= 0€
n
where i
1 Z( +1) > 0
9 (|, o = —1 fkﬂ <0
Therefore
( _ 1 (k+1) T q1i (k+1)
O=—+nr|z — Y+ +x 8- — z; >0
n I8!
1 l
0:_E+rl <Z¢(k+l)—yz+m+$Tﬂ— %ﬂl ) ZZ-(kJrl) <0
1

11 Qi
L n'n ™

Hence
(
q1,i 1 1 q1i
Yi— i — ] B = — — <y B+
T1 nri nri T1
1 i 1
= Lo <y < —
nry T nr
i 1 1
e yi— i —xl B+ B < ——
8] nry T nr

\

Here we introduce the soft-thresholding function S (x, \) for z € R and A > 0:

T — A A<z
S(x,\) =<0 lz] <A
T+ A T < —A\



Then we can summary the update of z( 1) by

L1
25D — S(yl i — @+ Lt —)

T nrp

Note: If we use the Huber loss with parameter ¢ instead of the absolute value loss,
then similarly the update of zgkﬂ) would be

i c C i
(y /sz_mTIB"i_ql - _+C<yz Mz_mTﬂ+Q1
T1 nri nri ™
T q1,i
Yi — i —x; B+ T c ;
Zi(kJrl): : ___ngz /Lz_m/@_{'qLS_“‘c
1+ n—n nry 1 nry
K c 3 C
Yi — uz—wTﬁJr(h +— T R
\ 1 nry 1 nry
FYI: The huber loss with parameter ¢ is defined as
1
51’2 lz| < ¢
plwic) = 1
clzl — 502 lz| > ¢

1.4 Update of s

Here we only consider the SCAD penalty case, which means Py, (z) = P, -, (z) where
is a SCAD parameter.

s**Y = arg min L(B,p, 2z 8 w,qi,q,qs3)

7"2
_argmm{ > Py (si) 5||Dp,—s||§+<Dp,—s>}

1<i<j<n

_argmm { Z Py, (845) 2 (s s—QSTDM) -8 qg}

1<i<j<n

Note that {s;;} are actually mutually independent in this optimization problem. So like
in 1.3, this can also be solved coordinate-wisely. And we try to solve

k+1 . )
Sz(‘j+ ' = arg Imin {th (sij) + B ( — 285 (s — NJ)) - Q2,ij5ij}

Sij

and likewise

T2
0e o <]D/\17,Y1 (Sij) + E (S 25@] (VJ :u])) - QQ,ijSij>‘ (k+1)
Sij =384

42,ij
= 0€ 9P, (s”)| (i) )+ 7o ( W — (s - 1) — i ])
2

For the SCAD penalty, we have

(11 A1 — s45)

P, ) = I (s < 7 (s
Ao (817) = M { (sij < A1)+ -1\ (835 > )\1)}
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for some v; > 2 and s;; > 0. And P/’\m1 (si5) = _P>/\m1 (—si;) when s;; < 0. Therefore
( (k+1) q2,ij
0=0+rm (sij — (s — pj) — T’;) A < Sij
A — sy (k+1) 42,ij
0= —’71 1 + 7 (Sij — (s — Hj) - r A< sy <A
0=A1+7o (SZ(-?H) — (i — 1) — q;_”) 0<si; <N\
2
0 (k+1) q2,ij .
€A ]+ (s = (e — ) — ” sij = 0
2
0= —)\1 -+ T2 (Sg;-ﬁrl) — (uz — /Lj) — q:ij) — )\1 S Sij <0
2
MMt sy (k+1) 92,
0= —ﬁ T2 (Sz‘j — (i — p3) — Ty —mA1 < sip < Ay
. (k+1) N Q2 < )
0=0 + T Sz‘j (/vbz ,U/j) Sz] = 711
\ T2
Hence we have
( q2,ij 42,ij
pi — g+ ML < i — g+
T2 T2
re (71— 1) <Ni_/‘j+qi;j)_71)‘1 1 q2,ij
T+ — M < g —pj+ =2 <y
9 (’)/1 — 1) — 1 9 T2
ij A ij 1
Hi — j+q2’] = —1<Mi—ﬂj+q2’j§(1+—))\1
T2 (] o T T2
A i A
SE;-CH): 0 ——1§Mi—l~bj+%’]§—l
T2 T2 ()
i A 1 ii A
,Ui—,uj‘i‘%"—_l _(1+_>)\1§Mi_uj+(]2_,]<__1
T2 L) T2 T2 T2
T2 (71— 1) <Ni_ﬂj+qi_§j) A q2,ij 1
= S =y < = <1+—) A
T2 (’71 - 1) —1 T9 T2
q2,ij q2,ij
pi — iy + =2 i =+ = < =
\ T2 r
Note: During the deduction, condition ry (3 —1) > 1( i.e. 70 > 71171) is needed to

guarantee the result. Also with this condition, the objective function is convex in s;;.
This update can be summaried with the help of the soft-thresholding function

4
ij A ij 1
S(M—ijqu’],—l) Mi—uj‘FqZ] §<1+—))\1
) ] 2
k+1 ? J ro ) —1 1 i
Sz('j ) _ 12 2(m—1) (1 I _) A< s — o+ q2,ij <A
o ora(m-1) "2 "2
q2,ij q2,ij
pi = g+ = pi =i+ >
L T2 T




For MCP or LASSO, the technique are quite similar. (And the result would be shown
below:) If the penalty is Lasso with parameter A\; then

i A
sy =8 <Ni — iy + QQ’],—1>
Tg T2

If the penalty is MCP with parameter A\; and ~;, then the panalty takes the form

S'Lj T
P Sii) = A 1-— dx
A1 ( J) 1/0 ( /\171)+

(—si;) when s;; < 0. Therefore

for some v; > 1 and s;; > 0. And Pﬁ\lm (sij) = —Pﬁ\lm
the solution is

q2,ij A1
S(Mi—/ij-i-#: r;)

QZ,ij
T My — by + <mA
ngﬂ) _ 1— p— )
q2,ij 42
pi — iy + 2 i — g+ 2 >
) )

Note: Here the condition ryy; > 1( i.e. o > 7—11) is needed, and the objective function is
convex in S;;.

1.5 Update of w

Like in 1.4, here we consider SCAD penalty as an example. Therefore P, (x) = Py, -, ()
where 7, is a SCAD parameter.

w1 = argmin LB,z 8 w,q1,q,q3)
w

p
. r
= argmin {Z Praon (w) + 3 18 = w3 + (8 —w,q3>}

w

p
, r
= arg min { E Py, (w5) + 53 (wTw — Qleg) — quS}

j=1
Again, this can be solved elementwisely by

k+1 : 3
w](- ) _ arg min {PAQ,y2 (w;) + 35 (w]2 - 2wj5j) - wﬂ&a}
w;

Like before, subgradient method provides us

.
0€d (PAW (w;) + 5 (w] — 2w;f;) - quw)

(kD)
wj=w;

q3.;
—0c 8P>\27“/2 (wj)|w].:w(k+1) +7r3 (wj — ﬁj — 7“_])
7 3



which means

(
020—0—7’3(@0]_53'_(15_7]) V2As < w;
3
Ny — W .
0= 122 wJ+T3 wj_ﬁj_%_ﬂ A2 < wj < Yae
72— 1 "3
0:)\2+T3(wj—ﬁj_@> 0<w]‘§)\2
T3
4s,; _
0 €[N, Xo] + 73 wj_ﬁj_r_ w; =0
3
B 43,5
0_—/\2—1—7“3(10]-—5]‘__) _)\2§wj<0
]
A ‘ ]
0= 222w (wj — B — (]3_,3) Trles s
Y2 —1 "3
B ds,;
0=0+r;3(w; — B — = wj <~V
\ TB
Therefore
( ¥ ]
5j+q3’_ﬂ 72)\2<5j+q3_7]
T3 3
rs (2= 1) (B +22) = s 1 -
3 <1+—)>\2<ﬁj+qg—’3§72)\2
r3(ye—1) —1 "3 "
N \ . 1
g+ Bd _ 22 _2<5j+&§<1+_))\2
T3 T3 "3 "3 "3
A A
wj('k“): 0 _igﬁj+&§_2
r3 T3 T3
S 1 ] A
Bj+(1?,_g+_2 —(1+—)/\2§Bj+%_’]<__2
r3 (72 — 1) <5j+q:’_:>+>\272 43,5 1
_’72)\2§5j+—’]<_<1+_))‘2
r3(e—1)—1 " '
5j+q£)’_ﬂ ﬁj+%—’]<—72/\2
\ ! "3

Note: Here we need r3 (7o — 1) > 1(i.e. 73 > ﬁ) to guarantee the resutl.

We can summary the result of wj(.kﬂ) as

.
A ; 1
S(ﬁj+%—’%—2) B+ L §<1+—)A2
rs T3 T3 T3
S (5 + 435 _ y2X2 )
k+1 J re ) —1 1 .
w](' ) _ 3 13(’72 ) <1+_))\2< Bj_’_%_g < s
- r3(2-1) "3 "
5j+@ j"‘@ > YA
L T3 T3




Results for MCP and Lasso are presented as following. If the penalty is Lasso with
parameter A\, then

C A
U}](-k+1) =9 (ﬁj + B _2)

7’377'3

If the penalty is MCP with parameter Ay and 7, then

435 A2
S@”’"_‘;’T;) 435

1 /Bj + < 72)\2
wF ) = 1= "3
q3,j q3,j

5j+—3j ﬁj+—3] > V2o
3 T3

1.6 Choice of A§0> and )\éo)

Need to be double checked.

Apparently for some large enough A§°) and )\go), B and p have to be shrinked to 0, and
¢, respectively, where 0, is a length-p zero vector and ¢, is a length-n constant vector.
Actually, it’s clear that all elements of ¢,, have to be the medium of {y;, i = 1,2,--- ,n}.
Therefore we can write

1 -
(g”) € argmin — 3 |y — i — &{ Bl + Y Pr (i — py) + Z;PAQ (8)
p

n
p .3 i=1 i<j
which means

@) coliEmon-am i Enoll,
0 p = (g):< n)

1<j
OP

(o) = () + () = (ar)
Op dl,p Op d37p

That is to say

where

dl,n 1 - T _ 1 )
(dl,p) ea{ﬁ;wnﬂlmﬂfﬂ}‘(“) (cn) _E 8|yn_c|
B

_Op

d2,n € azp)\l (:ul _:u’j>

1<j

and
p

dsp €0 Py (5)
1

j=




Note that
P
Op S —dg,p + (‘92 P)\Q (BJ) (Where B = Op)
j=1
P
— 0p c ,é — (B‘f‘dg,p) +aZP)\2 (BJ>
i=1
J 2 )
’2 + ;PAQ (ﬁj)}

EJFJZIPAQ (B5)

=$0p€3{%HB—(B+dM>

B=p

. 1 .
:$B€agmm§Hﬁ—<ﬁ+dw)
B8

Again, we use SCAD penalty with parameter v, as an example here, and we can solve
this penalized OLS by

0, = B _ TSCAD (B 4 d37p> _ TSCAD (ds,,)

A2,72 A2,72

and by property of the SCAD thresholding function 7794P we have

Aaya
[dspllo < Ao
= |ldiyll, < X2 (since 0, = dy, + d3 )
Note that .
dip= 3 Ol el
i=1
Therefore

n

Z Oy — cl)

NORS ldipllo, _ 1

n n ||
i=1 )
Choose of Aﬁo):
0y — ¢
1| dlys —c
din €~ ’1/2. |
n :
a |yn - C|

doy €0 Py (1 — p1j)

1<j

and
dl,n + d2,n =0,



By the chain rule we have

0 P (i — )

<J H=Cn
=D"9 Y P (sy)
1<i<j<n =0
[_>\17 )\1]
eDT [_)\17 )\1]
[= A1, Ad O
Therefore we can deduce
[_)\17 )\1]
-, A
2.l € | D | ' ! <(n—1)\
[_)\17 )\1]

= |ldiall, < (n—1)N (since 0,, = dy ,, + da )

Note that
2 ’yl - C|
1| dlys —c
di €~ ’yz. |
n :
a |yn - C|
Therefore
0 |yl - C|
I S |
“nn—-1) n(n-1) :
a |yn - C|
and a sufficient choice would be
1
)\(0) _
! n(n—1)
Another way to look at A<1°>:
Note that
dl,n + d2,n = Om
[_)\1, )\1] 0 |Z/1 - C|
d27n c DT [_)\17 )‘1] —1 0 |y2 - C|

and  di, € —
. n .
[_)\17)\1] n('r%l)><1 8|yn _C|

Also by convex optimization theory, we have 17d;,, = 0. Therefore there exists a n-
dinmensional vector @ such that

(D'D) 6 = —d, ,,

10



since rank (DTD) = n — 1. Hence one possible solution of ds,, is
dy, = —D"D (D"D) " d,,,

as long as
|p(D™D) " 4y,

S )\1;
where (DTD)f1 is the Moore-Penrose generalized inverse of DT D. And the choice of
>\§°) is
N = |p(D"D) i,

Note that it’s easy to verity

n—1 — —1

n2 nZ n?

T -1 2 2 n2
(p'D) =" T

and there are two and only two entries in each row of D (DTD)_1 with their values being
= and . Hence we know that

0 ’yl - C‘
. 9 2 [ 2ly2 — ¢
|p (@) | < ldil =5 |7 |
1% n n :
a|yn - C|

o0

which is a less compuation intensive bound for /\50)

1.7 Algorithm with L, Loss

If we use Lo loss, then there is no need for the z part in the algorithm and the augmented
lagrangian form would be

(ﬁ?l’l‘a S, w, qa, Q3)

:—Z Yi — IU,Z—IDT,B Z P)\l SZ_] +ZP)\2 w]

1<i<j<n

+ 3 1D — sl5 + 5 B —wl;+ (Dp — 5,q) + (B — w, gs)

The update of s and w is just the same as before. And the update of 3 and g is just to
find the minimum of

1 1
s (EXTX + %Ip) B+pt <ﬁIn + TQ—QDTD> p+28" X"

2YTXB —rsw B+ qlB—-2Y"u—rys"Du+ql D"
Taking subgradient and set it to 0 we can find the linear system is

1, +2D"D 1x p\ _ (iY +2DTs—1D7q,
1XT IXTX +21,)\B) 1XTY—i-”w——qg

11



If the dimension is not large, we can directly find the update by

pttD\  /lp 4 =pTp Lx "y 4 2DTs - 1D"q,
B+ | = 1XT IXTX + 21, LXTY + Bw — 3q3

If the dimension is large, we can use a coordinate descent strategy like before.

1 e 1 1
B — (ZxXTx + B} (2XTY - XTp+ Bw— —q;
n 2 n n 2 2

and
2 n 2 2

A more accurate solution, which is essentially equal to solve the whole linear system would
beto be add.

1 11 1 1
p+D = (—In + 2DTD> ( Y - -XB+ 2D"s— —DTqQ)
n n

12



A Re-deduction of the Algorithm with More Parame-
ters

In this section, we again give the details of the algorithm, but with more flexibility in the
loss function. We consider the loss function

L(p,B) = 22/)(% — i — @ B) +bY Py (i — ) +cY Py (8)
i=1 =1

i<j

where a, b and ¢ are constants. The augmented lagrangian format is

L(I"l”ﬁ7z’87w)

1< ?
=— zi) +b Y Py (sij) +c)y Py, (w,
a;ﬂ( ) ;  ( J) ; N ( J)

T1 T2 T3
+ Dy —p— XB— 2+ 2Dy - sl + 28— wl
+<?J_H_X6—Z7CI1>+<DH_SaQ2>+<:3—w7QS>

The update of 3 and p is unchanged as before. But the update of z, s and w will be
affected by the choice of a, b and c.

A.1 Update steps for 3 and u

We can update 3 and p in a coordinate descent fashion. NOTE: the previous updating
steps of 3 and u is a special case of coordinate-descent algorithm, with max number of
iteration set fixed to 1.

A.1.1 Update 3, Coordinate Descent
If p <n, then

BEN = (nXTX +r3L,) (nXT(y—p—2)+rsw+Xq — gs).

If p > n, then

1 _
B+ = —~ [Ip —m X" (MnXX" +rsI,) ! X} (MX " (y—p—2)+rw+X"q —qs).
3

A.1.2 Update p, Coordinate Descent

The update of p is simply

n= (rlIn + 7"2DTD)_1 (7"1 (y—XB—2)+ roDTs + g — Dqu) .

13



A.1.3 Update 8 and p simultaneously

It means to minimize the following equation with respect to 3 and p:

Sw-n—XB) (y—p—XPB)+= (Du—s) (Du—s)+7 (B-w) (8-w)
+y-pu—-XB)"q+Dp—-35"g+(B-w g

2 (u pt BTXTXB - 2uy — 28" X Ty + 287 X + 2u" 2 + 287 X7 2)

+ 2 (W'D Dp — 24" D"s) + 2 (878 — 28" w) — u"q1 — B X" qy + p" D gy + By

2
~ 0 (e sk () w07 0 (5)

3
2
2pDTD 0
+ (p” BT)<2 0 r_gI) <ﬂ) (res"D+qf —qg; D r3w” +qf X — %)(g)
2P
L (PP K ) ()
nX nXTX +20,) \B3
_(Tl(y—z)T+7‘28TD+Q1 —q;D, r(y— ) X +ryw’ + ¢ X — %)(g)

And the update is

w\  (rI,+rD"D r X ! r(y—z)+rDTs+q — DTq,
B8) r X7 mXTX + I, X' (y—2z)+rsw+ XTq — q3

A.2 Update of z

The update of z takes the same form as before, except for replacing n with a. Hence for

L loss, it’s
;1
Zl(k:—',—l) IS (yZ 1y — rI;ZTﬁ i qi, 7 )
T oary

For Huber loss with parameter ¢, the update is

Z C C Z
(i — i —al g+ It - oy <yi— m—wTBwL%
T1 arq ary ™
T q1,i
Yi — i —x; B+ T c i
0 1 S sy alpe g g,
1—i—a—r1 ary T ary
i C J C
v — s — xl B+ T Yi = pi — T 5+Q1 <—— -
\ 1 ary 71 ary

A.3 Update of s

For Lasso penalty with parameter A\;, the update is given by

4 DA
sy =15 (m — iy + q“,—l) :

" o T2

14



For SCAD penalty with paramters A\; and v, the update is given by

( ¢2,ij bM\ 42,5 b
S i — . 0] , - P — . + ) < 1 + . )\
(PJ M+ e T ) Hi — ry | = T 1
k+1 ? J ro T -1 b i
3§j+): ; 2(11—1) <1+_) A < ﬂi_uj+QQ,J <
T ra(m—1) 2 r
q2,ij q2,ij
fi = pj + = i = 5+ = >
) ro

\

and the additional condition to guarantee the convergence during the algorithm is ry >
b

mn-1-
" For MCP penalty with parameters \; and 7, the update is

92,ij bl
S<Mi_ﬂj+ r2]7r21> 42,4

5 pi — iy + <mh
g = I=5 "2 :
42,i5 42,i5
pi =y + pi— g+ =2 >
T2 T

and the additional condition is ry > %.

A.4 Update of w
For Lasso penalty with paramter A9, the update is giiven by

i\
wt = g (@- + B —2) .

rs T3

For SCAD penalty with parameters Ay and s, the update is given by

(
5 (8 + 2, 2 B+ B < (142 )
rs T3 T3 T3
S(ﬁ‘—i-& Y22 )
k+1) J r3 ? r3(y2—1 c i
w](. - - 05(72 : <1+—))\2< 5;’4'%—’] < Y22
-~ ra(2—1) "3 "3
7A q7A
5j+q3—] Bi+ 2| > yug
L T3 T3

C

and the additional condition is ro > —%.
For MCP penalty with parameters Ay and 79, the update is given by

S (8 + B2, 22) |
/ 3 3 5_’_% </y)\
(k+1) 1— < I | =
U)J = r372 3 5
ﬁj‘i‘@ 53"1‘@ > V2o
rs rs

and the additional condition is r3 > 7%

15



A.5 Choice of )\go) and )\éo)

The initial values of A§°) and )\(20) which shrinks all penalty values to 0 is also affected by

the choice of a, b and ¢, but the deduction is quite similar to before. In summary

1
Z a_ Z¢ 9
and
. Y (y1 —m)
A\ >—|D(D"D)”" : :
ab
¢ (yn - m)

o0

where (DTD)f1 is the generalized inverse, ¥ = dp and m is the estimating value of p
when all penalties are pushed to 0, i.e.

m = axgmin 3 p (s — 10
B =1
To simplify the computation, we can choose

Y (yr —m)
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